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COGALOIS THEORY AND DRINFELD MODULES
MARCO ANTONIO SA´NCHEZ–MIRAFUENTES, JULIO CESAR SALAS–TORRES,
AND GABRIEL VILLA–SALVADOR
ABSTRACT. In this paper we generalize the results of [7] to rank one Drinfeld
modules with class number one. We show that, in the present form, there does
not exist a cogalois theory for Drinfeld modules of rank or class number larger
than one. We also consider the torsion of the Carlitz module for the extension
Fq(T )(ΛPn )/Fq(T )(ΛP ).
1. INTRODUCTION
The main goal of this paper is to obtain the analogue of the classic cogalois
group. The cogalois group of an arbitrary field extension L/K is defined as the
torsion group tor(L∗/K∗) (see [3]). The analogue for Drinfeld modules we are
interested in is obtained by replacing the multiplicative structure of the field by
the one given by the Drinfeld module structure. We see that when ρ is a rank
one A–Drinfeld module where A is of class number one, the results of [7] can be
obtained also in this case. However, we will see that there is no cogalois theory for
arbitrary A–Drinfeld modules of rank one.
2. PRELIMINARIES AND NOTATIONS
We consider function fieldsK/Fq where we fix a prime divisor denoted by p∞.
A denotes the Dedekind ring consisting of the elements u ∈ K such that the only
possible pole of u is p∞.
We will use the following notation along the paper.
➽ k = Fq(T ) denotes the rational function field over a finite field of q ele-
ments Fq .
➽ RT = Fq[T ] denotes the polynomial ring over T and such that k is the
quotient field of RT .
➽ K is a global function field over Fq .
➽ C denotes the Carlitz module.
➽ ΛM = {u ∈ k¯ | CM (u) = uM = 0}withM ∈ RT .
➽ p∞ is a fixed place of K called the infinite prime ofK .
➽ d∞ = deg p∞ denotes the degree of p∞.
➽ A = {x ∈ K | vp(x) ≥ 0 for every place p 6= p∞}.
➽ hK = |CK,0| denotes the class number of K .
➽ hA = d∞hK is the class number of the Dedekind ring A.
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➽ C∞ = Cp denotes the completion of an algebraic closure of the completion
K∞ ofK at p∞.
➽ ρ : A → E〈τ〉 is an A–Drinfeld module of generic characteristic defined
over a field extension E of the field of definition Kρ of ρ.
➽ ρ[I] = {u ∈ K¯ | ρc(u) = 0 for all c ∈ I} where I is an ideal of A.
➽ ρ[a] = ρ[(a)] for a ∈ A.
➽ For a nonzero ideal m of Awe let Φ(m) =
∣∣(A/m)∗∣∣.
➽ µρ(L) = µ(L) = {u ∈ L | ρa(u) = 0 for a ∈ A \ {0}} denotes the torsion of
a Drinfeld module of an extension L of K .
For the particular case hA = 1, necessarily we have d∞ = deg p∞ = 1 and
hK = 1. Therefore there exist only 5 such fields and rings A according to the
classification of function fields with class number one. In this situation, we may
and we will assume that Kρ = K . We also ask whether the structural map of the
Drinfeld module ρ, δ : A → E, is the natural embedding. The Drinfeld modules
under consideration will be of rank one, unless otherwise specified. So, we have
deg(ρa) = −d∞vp∞(a) = deg a.
We have that |A/(a)| = qdeg a is finite, and deg a = dimFq A/(a). If necessary, we
will assume for a rank one Drinfeld module ρ that Kρ = HA is the Hilbert class
field (see [4, §15]). Let H+A be the normalizer field for A–Drinfeld modules over K ,
p∞ for a fixed sign function sgn. We have that H
+
A is the narrow Hilbert class field
with respect to sgn. We know thatH+A/K is an abelian extensionwith Galois group
isomorphic to Pic+A = MA/P
+
A where MA is the group of fractional ideals of A
and P+A = {xA | x ∈ K
∗, sgn(x) = 1}. We have |Pic+A | = [H
+
A : K] =
qd∞−1
q−1 hA
(see [4, Theorem 14.7], [10, Theorem 13.5.30]).
If ρ : A → C∞〈τ〉 is a rank one A–Drinfeld module, then ρ = ρ
Γ where Γ = Aπ¯
is a lattice with π¯ ∈ C∞ \ {0} and the exponential function associated to ρ is given
by exΓ(x) = x
∏
γ∈Γ\{0}
(
1 − x
γ
)
. Thus exΓ(γ) = 0 if and only if γ ∈ Γ. We define
λa := exΓ
(
p¯i
a
)
for a ∈ A \ {0}. From the functional equation exΓ(au) = ρa(exΓ(u))
we obtain that ρa(λa) = 0. Further ρm(λmn) = λn for n,m ∈ A.
Remark 2.1. We have that λa is a generator of the A–module ρ[a].
3. GENERAL RESULTS ON DRINFELD MODULES
The following results will be used along the paper.
Proposition 3.1. Let ρ be an A–Drinfeld module of rank one and let a ∈ A be nonzero.
Then K(ρ[a])/K is an abelian extension and Gal(K(ρ[a])/K) is isomorphic to a sub-
group of the group (A/(a))∗. 
Proposition 3.2. Let P be a nonzero prime ideal of A. Let m ∈ N and K(Pm) :=
H+A (ρ[P
m]). Then the extension K(Pm) = H+A (ρ[P
m])/H+A is totally ramified in F,
where F is the prime divisor ofH+A aboveP and the ramification index is equal to Φ(P
m).
Furthermore, the extension K(Pm)/H+A is unramified at every prime divisor other than
P and the primes above p∞. We also have [K(P
m) : H+A ] = Φ(P
m).
Finally, p∞ decomposes fully in HA/K and is totally ramified in H
+
A/HA.
Proof. See [4, Proposition 14.4, Theorem 15.6], [10, Proposition 13.5.41, Theorem
13.5.35]. 
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Corollary 3.3. For any nonzero idealm of A,K(m) := H+A (ρ[m])/H
+
A is a Galois exten-
sion with Galois group isomorphic to
(
A/m
)∗
. The ramified finite primes are precisely the
prime ideals P dividing m with ramification index equal to Φ(Pe) where Pe is the exact
power of P that divides m.
Proof. [4, §16], [10, Corollary 13.5.42]. 
Theorem 3.4. If A is arbitrary and ρ is any A–Drinfeld module, then µρ(L) is a finite
set for any finite extension L ofK .
Proof. [1, 2, 6, 9]. 
Remark 3.5. The first proof of Theorem 3.4 was given by Denis in [1, The´ore`me
1], where he proves that the number of elements with height bounded by a fixed
real number D, is finite and that the torsion elements are precisely the elements
of height 0. To show only that the torsion is finite, the proof can be reduced to
the case A = RT ([6, Proposition 1], [2, Remark 2.8]) as follows: if ρ : A → E〈τ〉
is an A–Drinfeld module over E, we choose T ∈ K such that the pole divisor of
T is pn∞ for some n ≥ 1. Then A is the integral closure of RT in K and ρ
′ = ρ ◦
i : RT → E〈τ〉 is anRT –Drinfeld module overE where i is the natural embedding.
Then µρ′(L) = µρ(L), being the fact µρ′(L) ⊆ µρ(L) clear. Now, if x ∈ µρ(L),
then ρa(x) = 0 with a ∈ A \ {0}. Consider α0, . . . , αn−1 ∈ RT , α0 6= 0 and
α0 + α1a+ · · ·+ αn−1a
n−1 + an = 0, so ρα0(x) = 0 and thus x ∈ µρ′(L).
Once we have reduced to the case RT , the proof of the finiteness of µρ(L) can
be obtained over a finite extension L of Kp, where Kp is the completion of K at
p 6= p∞ proving that if x ∈ µρ(L), then vp(x) ≥ c for some c and therefore µρ(L) is
a compact discrete set, hence finite ([6, Proposition 1]).
In the particular case of rank one over RT and Awith hA = 1, we have µρ(L) =
ρ[a] for some a ∈ A \ {0}. In particular, µC(L) = ΛM for someM ∈ RT \ {0} in the
Carlitz module case. This is a very particular case of the general case of Drinfeld
modules of rank one.
Proposition 3.6. Let L/E be a finite extension and let ρ be a Drinfeld module of rank
one. Then there exists an ideal b of A such that µρ(L) = ρ[b]. In particular, if ρ = C is
the Carlitz module, µC(L) = ΛM for someM ∈ RT .
Proof. Let x ∈ µρ(L) and choose a ∈ A, a 6= 0 such that ρa(x) = 0. Consider the
annihilator of x: an(x) := {b ∈ A | ρb(x) = 0} = a. Then a is a nonzero ideal of A.
Let M := A · x = {ρb(x) | b ∈ A}. We have that M ⊆ L since L is an A–module
andM ∼= A/a. On the other hand ρ[a] ∼= A/a because ρ is of rank one. Clearly we
have thatM ⊆ ρ[a] and since both sets are of the same cardinality |A/a|, it follows
thatM = ρ[a]. Therefore ρ[a] ⊆ µρ(L).
Since µρ(L) is finite, we write µρ(L) = {x1, . . . , xm} and let ai := an(xi), 1 ≤
i ≤ m. Let b = lcm{ai | 1 ≤ i ≤ m} = ∩
m
i=1ai. Let ci be an integral ideal such that
b = aici, 1 ≤ i ≤ m. We have ρb(xi) = 0 for all b ∈ b and for all 1 ≤ i ≤ m. It
follows that µρ(L) ⊆ ρ[b].
Let now x ∈ ρ[b]. We claim that {ci}
m
i=1 are relatively primes, that is, A =∑m
i=1 ci = lcm{ci | 1 ≤ i ≤ m}. Otherwise, we would have a nonzero prime ideal
p dividing ci for all 1 ≤ i ≤ m. Let di be such that ci = dip, hence b = aici = aidip
and therefore bp−1 = aidi so it follows that ai divides bp
−1 for all i from it would
follow b | bp−1 which is absurd. This shows that lcm{ci | 1 ≤ i ≤ m} = A.
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Let ci ∈ ci, 1 ≤ i ≤ m, be such that 1 =
∑m
i=1 ci. For all 1 ≤ i ≤ m and for all
d ∈ ai, we have dci ∈ aici = b so that
ρdci(x) = ρd(ρci(x)) = ρci(ρd(x)) = 0,
which implies ρci(x) ∈ ρ[ai] ⊆ µρ(L). Therefore
x = ρ1(x) =
m∑
i=1
ρci(x) ∈ µρ(L),
thus we obtain ρ[b] ⊆ µρ(L) and hence ρ[b] = µρ(L). 
Proposition 3.7. Let ρ be an A–Drinfeld module of rank one over E ⊆ H+A . Let q > 2
and m a nonzero ideal of A. Consider the extension K(m) = H+A (ρ[m])/H
+
A . Then
µρ(K(m)) = ρ[m].
Proof. It suffices to show that µρ(K(m)) ⊆ ρ[m]. If u ∈ µρ(K(m)), then ρa(u) = 0
for some a ∈ A \ {0}. Let anρ(u) = c 6= 0. From Proposition 3.6 it follows that
ρ[c] ⊆ K(m),K(ρ[c]) ⊆ K(ρ[m]) andK(c) ⊆ K(m). From Proposition 3.2 it follows,
analyzing the ramification index of each prime in the extensions K(c)/H+A and
K(m)/H+A , that c | m and therefore u ∈ ρ[c] ⊆ ρ[m]. 
4. RADICAL EXTENSIONS
LetK/Fq be a function field and let p∞ be a fixed prime divisor. Let us consider
δ : A → E the natural embedding and ρ : A → E〈τ〉 a rank one Drinfeld module.
As before, we consider function field extensions L/K such that E ⊆ K ⊆ L ⊆ k.
Since this type of extensions are E–algebras, we may give them an A–module
structure using the map ρ. The first objet to consider, associated to the extension
L/K , is the following:
DrinT(L/K) = {u ∈ L | there existsm ∈ A \ {0} such that ρm(u) ∈ K}.
Note that DrinT(L/K) ⊆ L is a subgroup of the additive group L. On the other
hand, DrinT(L/K) is an A–module and the A–module DrinT(L/K)/K is of A–
torsion. The module Drincog(L/K) = DrinT(L/K)/K will be called the Drinfeld
cogalois module of the extension L/K . We have that Drincog(L/K) is analogous to
the group T (L/K)/K∗ in a field extension L/K where T (L/K) denotes the usual
torsion group associated to the extension T (L/K), that is, T (L/K) = {u ∈ L |
there exists n ∈ N such that un ∈ K} (see [3]).
Definition 4.1. We say that an extension L/K is radical if there exists a set X ⊆
DrinT(L/K) such that L = K(X). We will say that L/K is pure if for any irre-
ducible m ∈ A and for each λm ∈ L, we have λm ∈ K . Finally we will say that
L/K is a cyclotomic coradical extension if it is radical, separable and pure.
4.1. Reduction to the caseRT . In this subsetion we show howwemay reduce the
general case to the case A = RT .
Let A and K be arbitrary. Let T ∈ A be such that NT = p
n
∞, for some n ≥ 1.
Consider RT = Fq[T ] and k = Fq(T ). Let ρ : A→ E〈τ〉 be a A–Drinfeld module of
rank rρ. Let ι : RT → A be the natural embedding and let ρ
′ : RT → E〈τ〉 be given
by ρ′ = ρ ◦ ι. Let rρ′ be the rank of ρ
′. Then
Proposition 4.2. rρ′ = d∞nrρ.
COGALOIS THEORY AND DRINFELD MODULES 5
Proof. We have degRT α0 = −vP∞(α0), where P∞ is the pole of T . Further, we
have dP∞ = 1 and
degA α0 = −d∞vp∞(α0) = −d∞e(p∞|P∞)vP∞(α0) = d∞n degRT α0.
It follows that
deg ρα0 = rρ′ degRT α0 and
deg ρα0 = rρ degA α0 = d∞n degRT α0.
Therefore rρ′ = d∞nrρ. 
Proposition 4.3. Let L/E be a finite extension. Then with the conditions of Proposition
4.2, we have Drincogρ(L/E) = Drincogρ′(L/E).
Proof. Let x ∈ Drincogρ′ (L/E). There exists α0 ∈ RT , α0 6= 0, such that ρ
′
α0
(x) ∈ E.
Therefore ρ′α0(x) = ρια0(x) = ρ(ια0)(x) = ρ(α0)(x) = ρα0(x) ∈ E. It follows that
x ∈ Drincog(L/E), and therefore Drincogρ′(L/E) ⊆ Drincogρ(L/E).
Now let x ∈ Drincogρ(L/E). There exists a ∈ A, a 6= 0 such that ρa(x) ∈ E.
Since A is the integral closure of RT in K , there exist α0 6= 0, α1, . . . , αm−1 ∈ RT
such that α0 + α1a + · · · + αm−1a
m−1 + am = 0. Therefore, considering αm = 1,
we obtain
0 = ρ0(x) = ρ m∑
i=0
αiai
(x) =
m∑
i=0
ραiρai(x) = ρα0(x) +
m∑
i=0
ραi(ρa ◦ · · · ◦ ρa)(x) ∈ E
which implies ρα0(x) ∈ E. Hence x ∈ Drincogρ′(L/E). This finishes the proof. 
Now we return to the general case.
In the following examples, we consider the field Fq with q > 2.
Example 4.4. Let A = RT and E = k. The extension k(ρ[m])/k, with m ∈ A
non constant, is radical since there exists W = ρ[m] ⊆ DrinT(k(ρ[m])/k) such
that k(ρ[m]) = k(W ). It is also a separable extension but it is not pure since from
Proposition 3.7, we have that µ(k(ρ[m])) is equal to ρ[m] and if c is an irreducible
factor ofm, λc ∈ ρ[m] does not belong to k. Therefore k(ρ[m])/k is not a cyclotomic
coradical extension.
Example 4.5. Let A = RT and E = k. Let c ∈ A be an irreducible polynomial.
The extension k(ρ[cn])/k(ρ[c]) is cyclotomic coradical since it is clear that is radical
and separable because the polynomial with coefficients in k, ρcn(U), is separable.
On the other hand, let d ∈ A be an irreducible polynomial in such a way that
λd ∈ k(ρ[c
n]). From Proposition 3.7, we have that d | cn and thus d | c. It follows
that the extension is pure.
The same argument may be applied for arbitrary A, ρ of rank one, c a nonzero
ideal of A and the extensionK(cn)/K(c) for n ∈ N.
Let us assume that L/K is a radical extension. Therefore there exist αi ∈ L and
ai ∈ A such that ρai(αi) = βi ∈ K and L = K({αi}). Now we take αi arbitrary.
We denote such element only by α. We define
ϕα : A→ Drincog(L/K)
for ϕα(a) = ρa(α).
This map is well defined and I = ker(ϕα) is an nonzero ideal of A distinct from
A itself. Hence, in case hA = 1, there exists a ∈ A such that I = (a). We say that α
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is of order a. This definition is ambiguous since other generator of I might be used
as the order. However we will accept this ambiguity.
Theorem 4.6. Let hA = 1 and E = K . Let L/K be a radical extension, say L =
K({αi}). Then L/K is a Galois extension if and only for each αi of order ai, we have
λai ∈ L.
Proof. We first consider the case L/K is a Galois extension. Let α = αi be of order
a = ai. Consider the polynomial f(U) = ρa(U) − β ∈ K[U ], where β = ρa(α).
Now f(U) =
∏
(U − (α+ρb(λa))), so that Irr(U, α,K) divides f(U). It follows that
the conjugates of α in L are of type
{α+ ξ1, . . . , α+ ξs},
with ξj ∈ ρ[a]. Note that this set is contained in L.
Let ξi = ρbi(λa) for some bi ∈ A and let B be the A–module generated by
{ξ1, . . . , ξs} ⊆ ρ[a]. There exists a
′ ∈ A such that a′ | a and B = ρ[a′]. Let β′ =
ρa′(α). Consider the polynomial g(U) = ρa′(U)−β
′ ∈ K[U ]. We have Irr(U, α,K) |
g(U) and g(α) = 0. Therefore a′ ∈ I = ker(ϕα). Hence a | a
′ and it follows that
a′ = au with u ∈ A a unit. So, λa ∈ L.
Conversely, let a be the order of α. Every conjugate of α is of the form α +
ρb(λa) ∈ L. Thus L/K is a normal extension. Since α is separable over K , it
follows that the extension L/K is a Galois extension. 
Proposition 4.7. Let L/E be an extension such that L = K(α, β) and such that there
exist m,n ∈ A with ρm(α) ∈ K and ρn(β) ∈ K being m and n relatively prime, that
is, (m) + (n) = A. Then L = K(α + β), that is, α + β is a primitive element for the
extension and it also belongs to DrinT(L/K).
Proof. We have K(α + β) ⊆ K(α, β). Let ξ1 = ρm(α) and ξ2 = ρn(β). Then
ρm(α + β) = ρm(α) + ρm(β) = ξ1 + ρm(β) ∈ K(α + β) and ρn(α + β) = ρn(α) +
ρn(β) = ρn(α) + ξ2 ∈ K(α+ β). Thus ρm(β), ρn(α) ∈ K(α+ β).
Let s1, s2 ∈ A be such that 1 = ms1 + ns2. Then
α = ρ1(α) = ρms1+ns2(α) = ρs1(ξ1) + ρs2(ρn(α)) ∈ K(α+ β)
and
β = ρ1(β) = ρms1+ns2(β) = ρs1(ρn(β)) + ρs2(b) ∈ K(α+ β),
so thatK(α, β) = K(α+ β). Furthermore
ρmn(α+ β) = ρn(ρm(α)) + ρm(ρn(β)) ∈ K.

We observe that the result can be generalized to extensions L/E such that L =
E(α1, . . . , αs) and such that there exist mi ∈ A with ρmi(αi) = βi ∈ E and the
elementsmi are pairwise relatively prime.
Next we will give some definitions which are analogous to the ones given in
[8]. Here, we consider A of class number one and E = K . As before, let ρ de-
note a Drinfeld module. Let a ∈ A \ {0}, K be any finite extension of k(ρ[a])
and z ∈ K \ Ka, where Ka = {ρa(y) | y ∈ K}. Consider the polynomial
G(U) = ρa(U) − z. The decomposition field of G(U) will be called a Drinfeld–
Kummer extension. Multiplying a by a suitable constant, we may assume thatG(U)
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is a monic polynomial. This type of extensions will be denoted by Ka,z. On the
other hand, note that in general the polynomial G(U) is not irreducible over K .
Let G1(U), . . . , Gs(U) be the irreducible monic factors of G(U).
Next proposition establishes some properties of these extensions.
Proposition 4.8. Let K be a finite extension of k(ρ[a]). Let z ∈ K \Ka and let Ka,z be
the associated Drinfeld–Kummer extension. Then
(1) G(U) is a separable polynomial of degree qm withm = deg a.
(2) If α ∈ k is any root of G(U), thenW = {α+ λ | λ ∈ ρ[a]} is the set
of all roots of G(U) andKa,z = K(α).
(3) There exists s ∈ N such that [Ka,z : K] = p
s.
Proof. (1) By the conditions satisfied by ρ, it is clear that G(U) is separable and of
the claimed degree.
(2) Since ρ is a linear map it follows thatW is the set of all roots of G(U).
(3) Consider the Galois group Gal(L/K) of the extension L/K . Consider σ ∈
Gal(L/K). Then σ(α) = α + λσ with λσ ∈ ρ[a]. We define Θ : Gal(L/K) → ρ[a]
given by Θ(σ) = λσ . We have that Θ is well defined and since σ(τ(α)) = σ(α +
λτ ) = α+λσ+λτ , it follows thatΘ is a group homomorphism. Finally, ifΘ(σ) = 0,
then λσ = 0, that is, it follows from the definition ofΘ, that the automorphism σ is
the identity map. ThereforeΘ is a group monomorphism. In particular Gal(L/K)
is an elementary p–abelian group, that is, for each σ ∈ Gal(L/K) we have pσ = 1.
The result follows. 
5. CYCLOTOMIC CORADICAL EXTENSIONS
Cyclotomic coradical extensionshave several properties analogous to the ones
of classical cogalois extensions.
Lemma 5.1. Let E ⊆ L ⊆ L′ be a tower of fields. Then L′/E is pure if and only if L′/L
and L/E are pure.
Proof. Analogous to [7, Lemma 5.1]. 
Proposition 5.2. Let E ⊆ L ⊆ L′ be a tower of fields. Then
(1) There is an exact sequence of A–modules
0→ Drincog(L/E)→ Drincog(L′/E)→ Drincog(L′/L).
(2) If the extension L′/E is cyclotomic coradical, then the extension L′/L
is cyclotomic coradical.
(3) If the extension L′/E is radical and the extensions L′/L and L/E are
cyclotomic coradical, then L′/E is cyclotomic coradical.
Proof. Similar to [7, Proposition 5.2]. 
Note that if L/E is a Galois field extension, then µρ(L) is a G = Gal(L/E)–
module with the natural action.
Next theorem holds for any finite extension and any A–Drinfeld module ρ.
Theorem 5.3. Let L/E be a finite Galois extension and let G be its Galois group. Then
the map φ : Drincog(L/E) → Z1(G,µ(L)) given by φ(u + E) = fu where fu(σ) =
σ(u)− u, is a group isomorphism.
Proof. Analogous to [7, Theorem 5.4]. 
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Corollary 5.4. Let L/E be a finite extension. Then the A–module Drincog(L/E) is
finite.
Proof. We take the Galois closure L˜/E of L/E. The result follows from Proposition
5.2, Theorem 5.3 and from Theorem 3.4. 
Several results from [7] also hold in our situation.
From now on, the following results only hold for A such that hA = 1.
Proposition 5.5. Let A be such that hA = 1 and L/E be a field extension such that
[L : E] = ℓ
with ℓ a prime number different from p = char k. Then L/E is not a cyclotomic coradical
extension.
Proof. Analogous to [7, Proposition 6.1]. 
Corollary 5.6. Let A with hA = 1 and let L/E be a Galois extension such that
[L : E] = psn
with p ∤ n and n > 1. Then L/E is not a cyclotomic coradical extension.
Proof. Analogous to [7, Corollary 6.2]. 
Corollary 5.7. If hA = 1 andL/E is a cyclotomic coradical Galois extension, then [L : E]
is of the form ps, with s ∈ N. 
Lemma 5.8. If hA = 1 and if L/E is an extension such that [L : E] = p
s with s ∈ N,
then L/E is pure.
Proof. Analogous to [7, Lemma 6.4]. 
As a consequence of the previous results, we obtain
Theorem 5.9. Assume hA = 1. A Galois extension L/E is cyclotomic coradical if and
only if it is radical, separable and [L : E] = ps for some s ∈ N. 
Theorem 5.10. Assume hA = 1 and letL/E be a pure extension. Assume thatL = E(α)
and that there exists an irreducible element d ∈ A such that ρd(α) = x ∈ E. Then L/E
is a cyclotomic coradical extension and there exists s ∈ N such that [L : E] = ps.
Proof. Similar to [7, Theorem 6.7]. 
As a consequence we obtain:
Theorem 5.11. If L/E is a cyclotomic coradical extension and if hA = 1, then [L : E] =
pn for some n ≥ 0.
Proof. Let L/E be a cyclotomic coradical extension. Then L = E(α1, . . . , αt), so
that ρmi(αi) = ai ∈ E wheremi ∈ A. Takingmi = d
ε1,i
1 · · · d
εi,i
ri , δi,j = ρ mi
di,j
(αi) we
have that ρdi,j(δi,j) = ai. It follows that there exists a field tower
E ⊆ E(β1) ⊆ E(β1, β2) ⊆ · · · ⊆ E(β1, . . . , βs) = L
where for each i = 1, . . . , swe have that ρdi(βi) = bi ∈ E(β1, . . . , βi−1) and
(1) [L : E] =
s∏
i=1
[E(β1, . . . , βi) : E(β1, . . . , βi−1)].
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From equation (1) follows that it suffices to show that if L = E(α)with ρm(α) =
a ∈ E and ifm ∈ A is irreducible, and so L/E is a cyclotomic coradical extension,
then [L : E] = pi for some i ∈ N. The later claim follows from Lemma 5.10. 
Corollary 5.12. With the notations of Theorem 5.11 we have
E(α) ∩ E(λd) = E, [L : E] = [L(λd) : E(λd)]
and
Irr(u, α,E) = Irr(u, α,E(λd)) = F1(u) =
∏
(u − (α+ λAd )).
Proof. It follows from the proof of Theorem 5.11. 
Next corollary is analogous to Theorem 5.9 except that we do not assume that
the extension L/E is Galois.
Corollary 5.13. Assume hA = 1. An extension L/E is cyclotomic coradical if and only
if it is separable, radical and [L : E] = pm for somem ∈ N.
Proof. It follows from Theorem 5.11 and Lemma 5.8. 
6. SOME COMPUTATIONS
Let L/E be a finite cyclotomic coradical Galois extension. Therefore we have
that L = E(α1, . . . , αs) for some αi ∈ L and for each αi there exists ai ∈ A such
that βi = ρai(αi) ∈ E. We may consider the polynomials fi(U) = ρai(U)− βi. The
set of roots of each polynomial fi(U) is of the form {αi+ρc(λi)}c∈A. It follows that
Gal(E(αi)/E) ⊆ ρ[ai]. Therefore Gal(E(αi)/E) is an elementary p–abelian group.
Since we have the group monomorphism
Gal(L/E) →֒
∏
Gal(E(αi)/E)
it follows that Gal(L/E) is an elementary p–abelian group.
Lemma 6.1. Let L/E be a finite Galois cyclotomic coradical extension. Then
B1(G,µ(L)) ∼= µ(L)/µ(E),
where G = Gal(L/E).
Proof. The map ψ : µ(L) → B1(G,µ(L)) is defined as follows: ψ(u) = fu, where
u ∈ µ(L) and fu = σ(u) − u for each σ ∈ G. It is clear that ψ is a group isomor-
phism. 
Let µ(L) = ρ[a] for some a ∈ A. We define
deg(µ(L)) = deg a.
Proposition 6.2. Consider A with hA = 1 and let L/E be a Galois cyclotomic coradical
extension. Assume that µ(L) = µ(E) and let a ∈ A be such that µ(L) = ρ[a]. Then
|Drincog(L/E)| = qm deg(µ(L)),
wherem = |G| with G = Gal(L/E) ∼= Cmp .
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Proof. First note that B1(G,µ(L)) = {0}. On the other hand, since the action of
G is trivial on µ(L), we obtain H1(G,µ(L)) = Hom(G,µ(L)). From Theorem 5.3
follows
Drincog(L/E) ∼= Z1(G,µ(L))/B1(G,µ(L)) ∼= H1(G,µ(L)) = Hom(G,µ(L)).
Now |µ(L)| = C
s deg(µ(L))
p , so that
Hom(G,µ(L)) = Hom(Cmp , C
s deg(µ(L))
p )
= Lp(F
m
p ,F
s deg(µ(L))
p ) = Mm×sdeg(µ(L))(Fp).
Therefore |Hom(G,µ(L))| = qm deg(µ(L)). 
For the following result, we consider hA = 1 and E = K .
Theorem 6.3. Let L/K be a Galois cyclotomic coradical extension and assume that L =
K(µ(L)). Then |Drincog(L/K)| ≤ qm deg(µ(L)).
Proof. Similar to [7, Proposition 8.5]. 
7. CASE hA > 1
The fundamental results we have obtained for the cyclotomic coradical exten-
sion with A having class number one, are not true any longer for A with hA > 1.
We give an example showing why the results fail to hold.
LetK = Fq(T ) with p = q = 3. Let p∞ be the place associated to T
2 + 1 and let
A = {x ∈ K | vp(x) ≥ for every place p 6= p∞}. Then
A =
{ G(T )
(T 2 + 1)n
| G(T ) ∈ Fq[T ], n ∈ N, degG(T ) ≤ 2n
}
.
Since p∞ is of degree 2 and hK = 1, we have hA = 2.
Let ξ = 1
T 2+1 and consider Rξ = Fq[ξ]. Let Fq(ξ) denote the quotient field of Rξ .
Then A is the integral closure of Rξ in K . Using the division algorithm, it follows
that if x ∈ A, then x = G(T )(T 2+1)n with degG(T ) ≤ 2n and
G(T ) = α0 + α1(T
2 + 1) + · · ·+ αn(T
2 + 1)n = α0 + α1ξ
−1 + · · ·+ αnξ
−n,
where αi ∈ Fq[T ] is of degree less than or equal to 1. Furthermore, because
degG(T ) ≤ n, it follows that αn ∈ Fq .
Therefore
x =
G(T )
(T 2 + 1)n
= ξnG(T ) = αn + αn−1ξ + · · ·+ α1ξ
n−1 + α0ξ
n
= β0 + β1ξ + · · ·+ βn−1ξ
n−1 + βnξ
n,
with βi = αn−1 = ai + biT ∈ Fq[T ], 0 ≤ i ≤ n and β0 = a0.
Thus
x = ξnG(T ) =
n∑
i=0
aiξ
i + T
n∑
i=1
biξ
i
=
n∑
i=0
aiξ
i + (Tξ)
n−1∑
i=0
bi+1ξ
i = F (ξ) + (Tξ)H(ξ)(2)
with F (ξ), G(ξ) ∈ Rξ , degF (ξ) ≤ n, degH(ξ) ≤ n− 1.
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Note that the degree of F (ξ) in T is even and the degree of (Tξ)H(ξ) is odd, so
that it follows that x = 0 ⇐⇒ F (ξ) = H(ξ) = 0. In particular {1, T ξ} is an integral
basis of A/Rξ. On the other hand, since ξ =
1
T 2+1 , it follows that (ξT )
2 = −ξ2 + ξ.
Therefore
ℓ(Z) := Irr(Z, T ξ,Fq(ξ)) = Z
2 + ξ2 − ξ.
Let Fq[X,Y ]
φ
−−−→ A be given by φ(f(X,Y )) = f(ξ, T ξ). From (2), we obtain
that φ is a ring epimorphism. Further φ(Y 2+X2−X) = 0, that is, 〈Y 2+X2−X〉 ⊆
kerφ and φ induces the epimorphism φ˜ : Fq[X,Y ]/〈Y
2 + X2 − X〉 −→ A given
by φ˜(f(X,Y ) mod 〈Y 2 + X2 − X〉) = f(ξ, T ξ). From (2) follows that φ˜ is a ring
isomorphism.
We may apply Kummer’s Theorem on the decomposition of prime ideals in the
ring extension A/Rξ since A = Rξ[Tξ]. In particular we have
ℓ(Z) mod ξ = Z2; ℓ(Z) mod (ξ − 1) = Z2;
so that
(ξ) = p2ξ with pξ = (ξ, T ξ) and
(ξ − 1) = p2ξ−1 with pξ−1 = (ξ − 1, T ξ),
with pξ and pξ−1 prime ideals of A. Furthermore, (Tξ)
2 = ξ(1− ξ), so that
(Tξ) = pξpξ−1.
Thus, ξ, ξ−1 and Tξ are irreducible non prime elements of A and (Tξ)2 = ξ(1−ξ).
Let ρ : A→ E〈τ〉 be a rank one A–Drinfeld module, where E = Kρ = HA is the
field of definition of ρ. In fact, since deg ξ = deg Tξ = 2, ρ is determined by
ρξ = ξ + γ1τ + γ2τ
2; ρTξ = Tξ + ǫ1τ + ǫ2τ
2
and since (Tξ)2 = ξ(1− ξ), we obtain
ρ(Tξ)2 = ρTξρTξ = ρξ(1− ρξ) = ρξ(1−ξ).
Let L := E(λξ) = E(ρ[ξ]). Then L/E satisfies that Gal(L/E) ∼=
(
A/(ξ)
)∗
=(
A/(pξ)
2
)∗
(Corollary 3.3) and µρ(L) = ρ[ξ] (Proposition 3.7). Consider the ele-
ment
δ := ρTξ(λξ).
Then E ⊆ E(δ) ⊆ L. Now, G := Gal(L/E) may be identified with
(
A/(ξ)
)∗
as
follows. Since A ∼= Fq[X,Y ]/〈Y
2 + X2 − X〉, where X is identified with ξ and
Y with Tξ, and the group identification is done by its action on λξ , then we may
writeG = {σU}U∈{1,2,1+y,2+y,1+2y,2+2y} with y = Y mod 〈Y
2+X2−X〉 = Tξ and
σU (λξ) := ρU (λξ).
We have G ∼= C6 the cyclic group of 6 elements and generated by 2+ y. Further
(2 + y)2 = 1 + y, that is, the subgroup of G of order 2 is generated by 1 + y. Note
that
σ1+y(δ) = ρ1+Tξ(ρTξ(λξ)) = ρTξ+(Tξ)2(λξ) = ρTξ(λξ) + ρξ(1−ξ)(λξ) = δ
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and
σ2+y(δ) = ρ2+Tξ(ρTξ(λξ)) = ρ2Tξ+(Tξ)2(λξ)
= ρ2Tξ(λξ) + ρξ(1−ξ)(λξ) = 2δ + 0 6= δ,
so that E(δ) is the fixed field of the subgroup C3 of G and therefore [E(δ) : E] = 2
and [L : E(δ)] = 3.
Note that E(δ)/E is a cyclotomic coradical extension and of prime degree 2 6=
p = q. On the other hand, the subextension L/E is not pure and it is of degree
3 = p = q. All this is contrary to what we established in Proposition 5.5, Corollary
5.6, Lemma 5.8 and to Theorems 5.9, 5.10 and 5.11. In other words, in its actual
form, we do not have a cogalois theory for A–Drinfeld modules of rank one if
hA > 1.
8. THE CARLITZ MODULE
In this section we consider the Carlitz module, more precisely we are interested
in computing the cardinality of the module Drincog(L/K) where L = k(T )(ΛPn),
K = k(ΛP ) and P ∈ RT is a monic irreducible polynomial. We also assume that
charFq = p > 2. The goal of this section is to understand why it is so hard to find
torsion elements other than the obvious ones (ΛPn).
We have established the existence of a group isomorphism
φ : Drincog(L/K)→ Z1(G,M)
where G = Gal(L/K) andM = ΛPn . Therefore φ(α +K) is a crossed homomor-
phism defined as
φ(α+K)(σ) = σ(α) − α
for each σ ∈ G. To simplify the notation, frequently we will write φ(α) instead of
φ(α +K). On the other hand if we have a crossed homomorphism f : G → M it
satisfies
(3) f(σ · τ) = f(σ) + σ · f(τ)
for each σ, τ ∈ G. We will understand that σ · f(τ) as the action of σ on f(τ). Since
the elements ofM are of the form CD(λPn) we may write
f(σ) = CDσ (λPn).
Further, by the division algorithm, we may assume that Dσ is a polynomial of
degree less than or equal to degPn = n degP . Note that with the exponents of the
elements σ it is possible to form a system of equations using relation (3) as follows:
since f(σ · τ) = CDσ·τ (λPn) we have
(4) CDσ·τ (λPn) = CDσ(λPn) + σ · CDτ (λPn).
Now σ is of the form σ = 1 + BσP
s with gcd(Bσ, P ) = 1 and 1 ≤ s ≤ n − 1 (see
[5]). Therefore equation (4) can be rewritten as:
(5) CDσ·τ (λPn) = CDσ(λPn) + σ · CDτ (λPn).
Since the group G is commutative and τ = 1 + BτP
t, with gcd(Bτ , P ) = 1 and
1 ≤ t ≤ n− 1, we obtain
(6) CDσ·τ (λPn) = CDτ (λPn) + C(1+BτP t)DσλPn .
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Therefore the exponents satisfy the system of equations (modulo Pn):
Dσ·τ = Dσ + (1 +BσP
s)Dτ ,(7)
Dσ·τ = Dτ + (1 +BτP
t)Dσ.(8)
If τ = σ−1, we have
(9) 0 = Dσ + (1 +BσP
s)Dτ .
Equation (9) allow us to obtain the possible solutions of system (7) and there-
fore the number of elements of Drincog(L/K). This can be used as a first rough
algorithm to solve the system of equations. First we obtain the multiplication ta-
ble of the group G, then we parameterize the possible solutions in a vector with
components
Dσ = −(1 +BσP
s)Dτ
and finally we verify which of these vectors are really solutions of system (7). One
of the most important problems we have with this approach is that, even for very
small prime numbers p, the number of solutions is very large.
This approach allows us to find explicit torsion elements other than the class
of λPn . We achieve this goal finding the complete list of crossed homomorphisms
and then we use the function φ to find the values we are interested in, that is, the
torsion points of the module Drincog(L/K).
Example 8.1. We may apply the previous approach to the following case. Let
q = p = 3, P = T and n = 2. We compute first the multiplication table of G:
σ1 σ2 σ3
σ1 σ1 σ2 σ3
σ2 σ2 σ3 σ1
σ3 σ3 σ1 σ2
where σ1 = 1, σ2 = 1 + T and σ3 = 1 + 2T modulo T
2, are all the elements of G.
Therefore, in this case, the system equations (7) can be written as follows:
Dσ3 = Dσ2 + (1 + T )Dσ2 ,(10)
Dσ2 = −(1 + T )Dσ3 ,(11)
Dσ2 = Dσ3 + (1 + 2T )Dσ3 .(12)
Therefore the solutions of the previous system are:
(T 2, (2T + 2)Dσ3 , Dσ3),
where Dσ3 runs through all the polynomials of degree less than or equal to 1,
with coefficients in Fq. Note that the first component of the previous vector is T
2
since we know that if f is a crossed homomorphism, we have f(1) = 0. Therefore
the number of solutions of the system (10) is 9. This was already obtained in [7,
Example 7.8].
Using the function φ it can be shown that φ(λT 2 ) = f4 and φ(C2(λT 2)) = f7. We
want to find the rest of the αi. To achieve this, note that
α2 = a0 + a1λT 2 + a2(C2(λT 2))
2,
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where ai ∈ K for i = 0, 1, 2. Now
φ(α2)(σ1) = 0,
φ(α2)(σ2) = a1(C1+T (λT 2)− λT 2) + a2((C1+T (λT 2))
2 − (λT 2 )
2),
φ(α2)(σ3) = a1(C1+2T (λT 2)− λT 2) + a2((C1+2TλT 2)
2 − (λT 2 )
2).
On the other hand, we want that φ(α2) = f2. Hence, we obtain the system of
equations:
a1(C1+T (λT 2)− λT 2) + a2((C1+T (λT 2))
2 − (λT 2 )
2) = C2T+2(λT 2),
a1(C1+2T (λT 2 )− λT 2) + a2((C1+2T (λT 2))
2 − (λT 2 )
2) = λT 2 .
The solutions of the system are:
a1 =
∣∣∣∣
C2T+2(λT 2) (C1+T (λT 2))
2 − (λT 2)
2
λT 2 (C1+2T (λT 2 ))
2 − (λT 2 )
2
∣∣∣∣∣∣∣∣
C1+T (λT 2 )− λT 2 (C1+T (λT 2 ))
2 − (λT 2)
2
C1+2T (λT 2)− λT 2 (C1+2T (λT 2))
2 − (λT 2 )
2
∣∣∣∣
,
a2 =
∣∣∣∣
C1+T (λT 2 )− λT 2 C2T+2(λT 2)
C1+2T (λT 2)− λT 2 λT 2
∣∣∣∣∣∣∣∣
C1+T (λT 2 )− λT 2 (C1+T (λT 2 ))
2 − (λT 2)
2
C1+2T (λT 2)− λT 2 (C1+2T (λT 2))
2 − (λT 2 )
2
∣∣∣∣
.
Proceeding similarly, it is possible to find the rest of the αi.
The method of Example 8.1 can be used to other situations, more precisely, to
Galois extensions L/K . In some cases it is possible to describe the lattice of radical
extensions.
Example 8.2. Let q = p = 3, P = T and n = 3.The multiplication table of the
group G is:
σ1 σ2 σ3 σ4 σ5 σ6 σ7 σ8 σ9
σ1 σ1 σ2 σ3 σ4 σ5 σ6 σ7 σ8 σ9
σ2 σ2 σ3 σ1 σ5 σ9 σ7 σ8 σ6 σ4
σ3 σ3 σ1 σ2 σ9 σ4 σ8 σ6 σ7 σ5
σ4 σ4 σ5 σ9 σ7 σ8 σ3 σ1 σ2 σ6
σ5 σ5 σ9 σ4 σ8 σ6 σ1 σ2 σ3 σ7
σ6 σ6 σ7 σ8 σ3 σ1 σ5 σ9 σ4 σ2
σ7 σ7 σ8 σ6 σ1 σ2 σ9 σ4 σ5 σ3
σ8 σ8 σ6 σ7 σ2 σ3 σ4 σ5 σ9 σ1
σ9 σ9 σ4 σ5 σ6 σ7 σ2 σ3 σ1 σ8
where σ1 = 1, σ2 = 2T
2+T+1, σ3 = 2T
2+2T+1, σ4 = T
2+T+1, σ5 = T
2+2T+1,
σ6 = T + 1, σ7 = 2T + 1 , σ8 = T
2 + 1 and σ9 = 2T
2 + 1.
Using Matlab all the solutions were obtained and
|Drincog(L/K)| = 27 = 33.
A refinement of [7, Proposition 7.2] allows us to find all the subextensions L′/K
of L/K that are simple radical, namely:
K1 = L
{σ1,σ8,σ9}, K2 = L
{σ1,σ5,σ6}, K3 = L
{σ1,σ2,σ3}, and K4 = L
{σ1,σ4,σ7}.
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